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Investigations of the effective parameters  and character is t ics  of e lectr ic  fields in inhomogeneous me-  
dia have long attracted a great deal of attention in connection with the study of semiconductor compounds and 
composite mater ia ls  [1]. Analogous questions ar ise  in inhomogeneous plasmas.  Depending on the character  
of the inhomogeneities, the generalized propert ies  of the medimn can differ strongly from their  local values; 
fluctuations of the electr ic  fields may also be found to be considerable, part icularly near  the threshold of 
fiow-threugh [2, 3] o 

In strong magnetic fields, where the ratio of the harmonic frequency of the rotation of the current  
c a r r i e r  0Jto the frequency of collisions v is great  (8 = w/~ > 1), the picture of the distribution of the cur-  
rent  in an inhomogeneous medium is considerably more  complicated. In this case, the conductivity becomes 
a tensor  quantity and even very  weak fluctuations of the propert ies  of the medium lead to a strong per turba-  
tion of the local e lec t r ic  fields, as a resul t  of which the effective parameters  undergo a radical change [4-7]. 

The structure of heterogeneous media can be different. Along with media with localized inclusions and 
media with regular  inhomogeneities, character is t ic  for  a solid body, media with randomly inhomogeneous 
propert ies  are frequently encountered. The la t ter  are typical to a great  extent for  a low-temperaturo plasma, 
mechanical m ~ s ,  and polycrystals .  

Depending on the structure of the inhomogeneities, there are different theoretical  methods of investiga- 
tion. With a consideration of simple s t ructures ,  the usual method consists in the use of the theory of bound- 
ary-value problems for calculation of the e lect r ic  fields and their  subsequent averaging [8, 9]. The solutions 
obtained by this method for  isolated inclusions are extended to the case of media with a large concentration 
of inhomogenities using the method of self-consistency [10]. The validity of such an approach is based on a 
comparison with several  exact resul ts  [5, 6]. For  randomly inhomogeneons media, the natural apparatus for  
the calculation is the theory of random fluctuations, which is used in the work of a number of authors [7, 11- 
13]. 

In the present  work the theory of random functions and the theory of boundary-value problems are used 
to investigate the character is t ics  of continuously inhomogeneous media in a magnetic field; the greatest  
amount of attention is paid to the l i t t le-studiedquestion of the special character is t ics  of the formation of 
local electr ic  fields in such media and thei r  statistical character is t ics .  

1. Let  us consider a conducting two-phase medium with a stat ist ically homogeneous and isctropic dis- 
tribution of small-scale  regions of raised and lowered conductivity, which are oriented along the magnetic 
field. It is postulated that the dimension of the inhomogeneities is considerably grea ter  than the length of the 
free-fl ight path. 

The steady-state distribution of the current  density ] = {]~(x, y)~ ]y(x, y)} and the intensity of the elec-  
t r ic  field e = {e~(x, y), ey(x, y)} in such a medium are described by the system of equations 

d i v j = 0 ,  r o t e = 0 ,  ~=(qP Pq)' j = ~ e ,  (1.1) 

where p = e/(1 + ~2), q = o9/(1 + ~2) are the components of the tensor  of the conduetivity, defined in t e rms  
of the conductivity a in the absence of a magnetic field and the parameter  8. Both parameters  a and ~ are 
random functions of the coordinates x and y. 

Kiev. Translated frown Zhurnal Prikladnoi Mekhaniki i Tekhnicheskoi Fiziki, No. 5, pp. 37-44, Septem- 
ber-Octeber ,  1979. Original art icle submitted October 23, 1978. 

552 0021-8-944/79/2005-0552507.50 �9 1980 Plenum Publishing Corporation 



The g e n e r ~  p rob lem cons i s t s  in de te rmina t ion  of the t e n s o r  of the effect ive conductivi ty ae,  wMch 
connects  the f ie lds  ave raged  with r e s p e c t  to the volume 

<j> = %(e),  (1.2) 

as  well  as  the s ta t i s t i ca l  m o m e n t s  of the e l ec t r i c  f ie lds .  

We r e p r e s e n t  the r andom functions in the f o r m  of the stun of the ma thema t i ca l  expecta t ions  and the 
f luctuat ions 

= <lx>-k 9o(~r = P, q, e, J, . . .) 

and introduce the following notation for the two-point moments  of the field {e, p( q} : 

<Po (M) qo (Mi eo (N) Po (N)> = A n~+l'n (r)i 

<po TM ( i )  qo ( i )  e o (N) q0 (N)) ---- A m'n+i (r), 

<Po (M) qo (M) Po (N)> ~ D m+~'~ (r), (1.3) 

m n Dm,n+l <Po (M) qo (31) qo (N)) = (r). 

In th is  notation, the averaged  O h m ' s  law (1o2) can be r e p r e s e n t e d  in the fo rm 

<Ji> = (<p) 61h -+- <q> eih) <eh> ~-- 6iv.A~ '~ (0) -k eiaA~ 'I (0), (1.4) 

where  6ik is  a unit t ensor ;  a,~ is  a unit a n t i s y m m e t r i c  t enso r .  F r o m  this  i t  can be seen  that ,  ~o find the 
ef fec t ive  p a r a m e t e r s ,  i t  i s  n e c e s s a r y  to de te rmine  s ingle-point  m o m e n t s  of the second o r d e r  Al'~ A~ 

F r o m  Eqs .  (1.1) in tegra l  r e c u r r e n c e  equations canbeob ta ined ,  connecting the s ingle-point  m o m e n t s  
with two-point  m o m e n t s  of h igher  o r d e r ,  

A m + l , n  , , . , A m , n + 1  ~ A?'~(0) = -  ~ ~ ~ 6z~+Dm'~+~(r)~'lk]<e~) +~zh~J: (r)~-e~k j~ tr)}dS; (1.5) 
O x  i O x  l t 

S 

G is  G r e e n ' s  function. 

Equations (1.3) were  obtained using an in tegra l  r ep r e sen t a t i on  of the solution of Eqs .  (1.1), mult iplying 
them by p~nq~ with subsequent  averag ing .  These  r e e u r r e n e e  equations a re  comple te ly  solvable  if, as  is  a s -  
sumed  in the theo ry  of turbulence ,  we use  r ep r e sen t a t i ons  of the m o m e n t s  in t e r m s  of the pr inc ipa l  invar ian ts  
of the v e c t o r  f ie lds .  

The f ield {e, p, q} has  axial  s y m m e t r y  in the sense  that  t he re  is  a definite d i rec t ion  of the m e a n  field 
\e/\ -, t he r e fo re ,  the two-point  m o m e n t s  of the function of the dis t r ibut ion of th is  f ield can be r e p r e s e n t e d  in 
the f o r m  

m , n  m,n m , n  .4~"" (r) = [(a~ 6,k + at'he,h) )~k -~- (a3 61h -[- a, eih ) ~'h] I <e> t" (i.~) 

In e x p r e s s i o n  (1.6), X is  a unit vec t o r  in the d i rec t ion  of the m e a n  field <e> ; T is  a unit v e c t o r  in a d i r e c -  
t ion between the two points ,  for  which the m o m e n t s  a re  considered;  a m , n  (a = 1, 2, 3, 4) a re  s c a l a r  func- 

t ions of the following t h r ee  a rguments :  r, W~kSik, y,kke,~. Here  it i s  taken into cons idera t ion  thai:, f o r  a r an -  
dom vec to r  e in a magne t ic  field, the condition of invar iance  with r e s p e c t  to t r a n s f o r m a t i o n  of the m i r r o r  
image  will not be sa t i s f ied .  This  is  connected with the fact  that  the t en so r  of the conductivi ty ~ in Otun's  
law (1.1) contains an t i synune t r i ca l  t e r m s ,  which change sign with t r a n s f o r m a t i o n  of the m i r r o r  imag e .  
T h e r e f o r e ,  using this  t r ans fo rma t ion ,  it would be n e c e s s a r y  to s imul taneous ly  change the d i rec t ion  of the 
magne t i c  field to the oppos i te .  

F o r  a x i s y m m e t r i c a l  random fields ,  the va lues  of the m o m e n t s  at ze ro  and at infinity should not depend 
on the d i rec t ion  be tween the two points .  T h e r e f o r e ,  we can wri te  

m , n  rn n 
a3 = a 4 '  = 0  with r ~ 0 ,  ~ .  
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F r o m  this  we obtain the r e s u l t  thai  the components  of the s ingle-point  m o m e n t s  a~a'n(0) and a~n'n(0) 
r e p r e s e n t ,  r e spec t i ve l y ,  the longitudinal and t r a n s v e r s e  components  of the vec to r  Am,n(0) to the v e c t o r  (e). 

Substi tuting (1.6) into Eqs .  (1.5), the s y s t e m  of in tegra l  r e c u r r e n c e  equations c a n b e b r o u g h t  to a s y s t e m  
of a lgebra ic  r e c u r r e n c e  equat ions  

O "~+L" (0) + ar'~et'" (0) - -  a ''~̀.,. (0) --D~'=(O)[a['~176 (0)] +2<p>a?'~(O)--B'~+t '"--B2~'=+~ = 0 ,  

- -  a'~,~/a~ R ~ + l , ~  ( 1 . 7 )  D ..... +1(0) ' re,n+1 = 0 ,  T a l  ( 0 ) + a ~  +1'=(0) D m'=(0)[a~ ' l ( 0 ) + a ~  '~ + 2 ( p >  ~ w J + R 7  ' n + l -  2 

_ m , n  m , n ,  , 
w h e r e  R1, 2 a re  definite in tegra l s  of the va lues  of the coeff ic ients  of the expansion of the functions a a trI 

in F o u r i e r  s e r i e s  in t e r m s  of the angle between the v e c t o r s  X and T. 

Equations (1.7) and the r e p r e s e n t a t i o n s  of the m o m e n t s  (1.6) a re  val id  fo r  an a r b i t r a r y  function of the 
d is t r ibut ion  of the p a r a m e t e r s  of an inhomogeneous med ium p and q. In the case  of a two-phase  medium 
with the re la t ive  vo lume t r i c  concent ra t ions  of the phases  cl and c 2 (c 1 + c 2 = 1) and with B = coas t ,  Eqs .  
(1o7) a re  s impl i f ied .  Neglect ing the t e r m s  Rm,n  for  m = 1, n = 0, and m = 0, n -- 1, and using the ex-  

p r e s s i o n  of the ave raged  Chin ' s  law (1.4), we obtain a re la t ionship  connecting the effect ive p a r a m e t e r s  P0 
and qo- 

2~(1 + l]~)(c~ - -  cl)p~A + 2(1 + ~)q~ ~ ~(t - -  A~)(~ + ~.,) 
(A = ( ~  - ~.,)/(~ + ~)). 

Toge the r  with the supp lemen ta ry  e x p r e s s i o n  [5] 

4f, (i + ~) ( ~  + q~) - 4 (t + ~) (c~ + ~ )  q~ + I~ (i - A ~) (~  + ~)~ = o 

we obtain a s y s t e m  of two a lgebra ic  equations fo r  de te rmin ing  the effect ive p a r a m e t e r s  with a r b i t r a r y  con-  
cen t ra t ions  of the phas e s  and f luctuat ions of the conductivity.  These  exp re s s ions  co r r e spond  comple te ly  to 
the  solution obtained in [10] by  the method of s e l f - cons i s t ency  of the local  f ie lds .  

Without dwelling on an ana lys i s  of the effect ive p a r a m e t e r s ,  l e t  us examine in m o r e  detail  the question 
of the p r o p e r t i e s  of the m e a n  va lues  of the e l e c t r i c  f ie lds  of a r andomly  inhomogeneous med ium in s t rong 
magne t i c  f ie lds .  

F o r  de te rmina t ion  of the m e a n  f ie lds  in the p h a s e s  (e>~ and (e)~, i t  i s  n e c e s s a r y  to calculate  the s ingle-  
point m o m e n t  of the second o r d e r  A 1,~ In accordance  with (1.3), we can wri te  

A x'~ (0) = S ~ (p - -  (p)) ( (el  p, q) - -  (e>) f (p, q) dpdq, (1.8) 

where  <elp, q) i s  the re la t ive  m a t h e m a t i c a l  expecta t ion  of e; f(p, q) is  the densi ty  of  the dis t r ibut ion of the 
p a r a m e t e r s  p and q. 

In  the adopted mode l  of a two-phase  m ed ium,  us ing  a ~ function, f(p "q) can  be r e p r e s e n t e d  in the fo rm 

/(p, g) = c15(p - -  pl)5(q - -  ql) + c~(p  p~,)6(q - q~). 

F r o m  (1.8) and (1.9), we find 

At'~ = clc2(px p2)((e)l-- (e)2). 

( 1 . 9 )  

F r o m  th i s ,  taking into cons ide ra t ion  that  

we have 
A 1,~ (0) A 1'~ (0) 

<eh =<e> + <e>~ = <e> 
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Using f o r m u l a s  (1.4) and (1.6) with a 1 # a2 and fl = oonst ,  we finally obtain 

<~,>, = l[i-~ 

% (oi :: ~ )  M - ~ (-~; -- ~T ~"~ <'~> 

As can be seen  f r o m  these  fo rmu la s ,  to calcula te  the m e a n  f ields <e}l and <e>~ , i t  i s  n e c e s s a r y  to know 
only the effect ive  p a r a m e t e r s  Pe and qe.  

Analogous e x p r e s s i o n s  can be obtained fo r  t h e m e a n  values  of the cu r r en t  densi ty  <J>l and <j>2 �9 

To show the e f fec t  of the magne t i c  field and the concentra t ion  of inhomogenei t ies  on the d is t r ibut ion of 
the e l e c t r i c  f ie lds ,  Fig .  1 gives  dependences  of the modulus  of the m e a n  values  of the f ield in one phase  and 
dependences on the concentra t ion  of inhomogenei t ies  with a r e l a t ive ly  smal l  f luctuat ion of the conductivi ty 
A = 0.3. As can be seen  f rom the cu rves ,  i f  the concentra t ion  of the phase  is  l e s s  than half  of the whole c o m -  
posi t ion  (e i < 0.5), the value of the m e a n  concentra t ion  of the f ield in the phase  in th is  ca se  d e c r e a s e s  and, 
cor responding ly ,  i n c r e a s e s  with c 1 > 0.5. This  m e a n s  that  the e l ec t r i c  field i s ,  so to speak,  "displaced"  
f r o m  the phase  whose volume i s  l e s s  to the o the r  phase  of g r e a t e r  vo lume.  The s h a r p e s t  change in ]<e>ll 
t akes  p lace  nea r  c 1 = 0.5. At the l imi t  of  s t rong  magne t i c  f ields (fl -~ ~o), the dependence changes jumpwise 
f r o m  ze ro  to 21 (e>l with c 1 = c 2 = 0.5 (heavy line). 

The ef fec t  of f luctuat ion of the conductivi ty with di f ferent  magne t i c  f ields is  r e f l ec ted  in Figs .  2 and 3. 
In the phase  with the lower  concent ra t ion  (c i = 0.35) in the absence  of a magne t ic  field I<e>,[ changes  smoothly  
f r o m  2[<e>], where  the conductivi ty ~l -* ~ .  In a s t rong  magne t i c  f ie ld  the c h a r a c t e r  of the dependence 
changes  sharp ly .  The mean  in tens i ty  of the e l ec t r i c  field in the f i r s t  phase  tends toward ze ro  with any g iven  
f luctuat ions of  the conductivity,  with the except ion of those  c a s e s  where  ~ ~ 0. All the va lues  of [<e>ll l ie 
be tween the cu rves  fo r  fl = 0 and ~ - -  ~ (heavy l ines) .  , Cor respondingly ,  in the second phase  (Figo 3), with 
any given f luctuat ions of the conductivity,  the m e a n  in tens i ty  of the e l ec t r i c  field r i s e s  with an i n c r e a s e  in 8. 
All the va lues  of I<e>.q lie be tween the cu rves  fo r  B = 0 and /3 - ,  ~ .  

2. As follows f rom an ana lys i s  n e a r  the f low-through th resho ld  (c 1 = c 2 = 0.5) t h e r e  a r e  l a rge  f luctua-  
t ions of the e l e c t r i c  field,  which r i s e  cons iderab ly  in s t rong  magnet ic  f ie lds .  To explain this s ta te  of an in-  
homogeneous  sys t em,  let  us examine  i t s  c h a r a c t e r i s t i c s  in m o r e  detai l .  TO this  end, le t  us cons ider  an in-  
homogeneous  med ium with a dua l -per iod ic  d is t r ibut ion of the inhomogenei t ies  with ident ical  per iods  along 
two axes ,  which al lows an ana lys i s  also of the local  s t r u c t u r e  of  the f ields.  

In the case  where ,  at the boundar ies  of ce l l s  with di f ferent  conduct ivi t ies ,  the conditions of ohmic con-  
t ac t  a r e  sa t i s f ied ,  f r o m  the solution of the boundary-va lue  p rob lem for  Eqs .  (1.1) we obtain e x p r e s s i o n s  fo r  
the c u r r e n t  densi ty  in two adjacent  square  ce l l s  (0 < x < l, 0 < y < l),  and (0 < x < l ,  - l  < y < 0) 

~[1_ _ _,5\ 

]1(z)=j.~,--q~,=IBllJc~I~--~) ~ L ~ . .  , ,o, ,.. ~ )X 

] (2.1) 

- -  �9 ~ + 7 - } - a +  l 
i . .=  IB! IC~l(-  t) ~'," ~X.+lC~l(--'l)v-!-T~+~+~ 

1,5 

~= O,J 

o,5 o,7s ,o 

Fig. 1 

~ 0  �84 

~=0 

0,5 /~/ 
o O, ZS 

Fig.  2 

o 2,0 t<e>,l 
t<e> I 

- ~ , o  - - o , s  

c 1 = 0 , 5 5  

o o,5 f,o,~ - f ,o  

? 

-0,5 

-  ,oj ........ I 

PT I I 
,o, 

7-,,o 

o o,s ~,o,~ 

Fig. 3 
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2,~ I<e>,l 
I(e)l 

1,5 

N. 

-60 -o,s 0 O,S f,O~ 

Fig.  4 

5 / 
0 

/3=t 

J 
t 

o,5 lal -t,o -o,5 

Fig. 5 

o o,~ A 

Fig.  6 

where 

[BI = 2~ z V (oz -- c~) 2 + (m[~2 -- ~l~ff'; ~ = -~ arctg I B I 

a ---- ~ arctg 0.2~x --  0.L[~ 6 ---- ! aretg %~i 0.1[~2 . 
0.1 -~ 0"2 ~ ~ Gi -- 0.2 

x L ~ . I  , 

where  u is  the argument  of the el l ipt ical  Jacobi  functions sn u, cn u, and dn; K is  an analytical  in tegral  
of the f i r s t  kind; k is  the modulus of the el l ipt ical  integral ;  fo r  the case  of square cel ls  under  considerat ion 
he r e ,  w e h a v e  K =  1.8541, k =  0~.5. The r ea l  constants ]Cll and IC21 are  de termined  by assignment  of 
the e l ec t r i ca l  c u r r en t  J ,  which flows through the whole sys tem.  

As follows f rom (2.1), with I C21 = 0, the local  values  in two adjacent cel ls  a re  connected by re la t ion-  
ships of s y m m e t r y  

Relat ionships of s y m m e t r y  of this  type are  also valid fo r  values  averaged over  the cells:  

/ 

<.2 = 

~ ( -  
l ) ~ ] ~ l  , 

| - - ,  O 1 

Using the exis t ing s y m m e t r y ,  we can de te rmine  the mean  values  of the e lec t r i c  field in the cel ls  and 
the effect ive p a r a m e t e r s  of the medium as a whole. F o r  one of the phases  we obtain formulas ,  which connect 
the me a n  values  in the .phase with the mean  field ove r  the whole sys tem 

- -  - -  - - - .  
02 02 _]_ ~ i ~  

Analogous expres s ions  can be obtained fo r  the second phase .  

F r o m  these  fo rmulas  i t  can be seen that ,  i f  the conductivity of any given phase dec reases ,  the cur ren t  
is  displaced f rom it ,  and the intensi ty  of the field r i s e s  correspondingly ,  not exceeding,  however,  the doubled 
value of the mean  field.  It  i s  found that  the Joule dissipat ion is  identical  with any given magnet ic  field and 
fluctuations of the conductivity.  

In weak magnetic f ields,  even small  d i f fe rences  in the conductivi t ies of the phases  lead to considerable  
changes in the mean  in tens i ty  of the e l e c t r i c a l  f ield (Fig. 4). 

The va lue  of the fluctuations of the f ields can be judged f rom an examinat ion of the d i spers ion  of the 
f ield in individual ce l ls  and in the sys tem as a whole, With ~ = const ,  the d ispers ion  of the field in the 
whole sys tem is de te rmined  by the expres s ion  
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D= <lel2>-l<e>l 2 =I/1§ ~ 
l <'~ t' d ~ - A' 

For individual phases, the dispersion is given by the formula 

(2.2) 

(2.3) 

In strong magnetic fields (8 --  ~), D 1 and D 2 vary  proportionally to the paramete r  flA, which is not 
small with relat ively small fluctuations of the conductivity A. The r ise in the dispersion in limiting cases 
[A] -* 1 takes place due to only one phase, while, at the same time, for  the second phase it is finite, as can 
be seen from Figs. 5 and 6, plotted using formulas (2.2) and {2.3). 

From the curves given the conclusion can be drawn that there is a gradientless r ise in the mean-square 
fluctuations of the electr ic  field near the flow-through threshold (IA[ -* 1). In this case the values of the 
mean fields are found to be finite (see Fig~ 4). 

Thus, with a study of the statistical proper t ies  of fields near  the flow-through threshold, it is insuffi- 
cient to know only moments of the f i rs t  order;  far  more  information on the special character is t ics  of the dis ,  
tribution of the field is given by moments of the second order .  
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